Abstract. It is proved that the scattering amplitude known at a fixed frequency, a fixed direction of the incident plane wave and all directions of the scattered wave in a solid angle, however small, determine uniquely the shape of a strictly convex obstacle with a smooth but not analytic boundary on which the Dirichlet boundary condition is assumed.
INTRODUCTION AND MAIN RESULT.
Let D ⊂ R 3 be a bounded domain with a smooth (say, twice continuously differentiable), but not analytic, boundary S, (∇ 2 + k 2 )u = 0 in D := R 3 \ D, k = const > 0; u = 0 on S, [1] u = exp(ikα · x) + A(α , α, k)r −1 exp(ikr) + o(r −1 ), r := |x| → ∞, α := xr −1 .
[2]
Here α ∈ S 2 is a given unit vector, S 2 is the unit sphere in R 3 , the function A(α , α, k) is called the scattering amplitude (the radiation pattern). It is known [1] that problem (1)-(2) has a unique solution, called the scattering solution. The inverse obstacle scattering problem (IP) is:
Given A(α , α, k) on a subset of S 2 × S 2 × [0, ∞) find S. The first uniqueness result for IP was proved in 1964 by M.Schiffer. This result says: The data A(α , α 0 , k), known for all α ∈ S 2 , a fixed α = α 0 ∈ S 2 , and all k ∈ [0, ∞), determine S uniquely.
In this result the Dirichlet boundary condition was assumed on the boundary. In [1] , p.86, the result of M.Schiffer is proved and the Dirichlet boundary condition is not assumed a priori, but it is proved that the boundary condition is uniquely determined by the above scattering data.
A modification of Schiffer's argument, given by A.G.Ramm ([2] , p.238), allows one to prove uniqueness theorem for the Neumann boundary condition. The original Schiffer's argument used the discreteness of the spectrum of the Dirichlet Laplacian in a bounded domain, but the Neumann Laplacian in some (nonsmooth) bounded domains may have continuous spectrum, and the modified argument in [2] has removed this difficulty.
The second result, proved in 1985 by A.G.Ramm, says: This result is proved in [1] , p.87. The boundary conditions in Ramm's uniqueness theorem could be the Dirichlet, or the Neumann, or the Robin condition. A.G. Ramm has proved ( [1] , p.62) that A(α , α, k) is analytic with respect to α and α on the variety M := {z : z · z = 1, z ∈ C 3 }, where z · ζ := 3 j=1 z j ζ j , and meromorphic with respect to k ∈ C. Thus, Schiffer's uniqueness theorem holds if the data A(α , α 0 , k) are known for all k ∈ (a, b), where 0 ≤ a < b are arbitrary fixed numbers, and all α ∈ S 2 1 . For several decades the uniqueness theorem for IP with the non-overdetermined data A(α ) := A(α , α 0 , k 0 ), known for a fixed k = k 0 > 0, a fixed α = α 0 ∈ S 2 , and all α ∈ S consequence (mentioned in [2] ) of the argument used in the proof of the uniqueness result in [1] , p.85, is the following observation: If the obstacle is known a priori to be so small that k 2 is below the lowest Dirichlet eigenvalue of the Laplace operator in D, then the above data determine S uniquely.
It was also observed in [2] that the same argument proves the following claim:
The data A(α , α j , k 0 ), 1 ≤ j ≤ J, known for sufficiently large J, determine S uniquely.
Here J should be so large that the total number of the Dirichlet eigenvalues of the Laplacian in D below k 2 should be less than J ([2], p.237). In [2] , p. 236-240, uniqueness theorems are obtained for inverse obstacle scattering for rough obstacles and for transmission boundary conditions, and the ideas, different from the original Schiffer's idea, were used.
Our aim in this paper is to prove a uniqueness theorem with the data A(α ) assuming S strictly convex, C 2 −smooth but not an analytic set, i.e., not a set of zeros of an analytic function. In other words, the equation of the boundary is not of the form f (x 1 , x 2 , x 3 ) = 0, where f is an analytic function of its three variables in a neihgborhood of any point which belongs to the surface S (see, e.g., [6] for a discussion of analytic sets and analytic surfaces). Theorem 1. The data A(α ) determine uniquely a strictly convex obstacle D with C 2 −smooth boundary which is not an analytic set.
PROOFS.
By the remark, made in the Introduction, about analytic properties of the scattering amplitude, one may assume that A(α ) is known for all α ∈ S 2 . Assume that D 1 and D 2 generate the same data A(α ). Denote in D 3 , then u 1 is defined in D 2 and u 2 is defined in D 1 , and w, which is equal to u 1 in D 1 and to u 2 in D 2 , is defined in the whole space R 3 , solves there equation (1), and has asymptotics of the type (2). Therefore v := w − e ikα·x solves equation (1) in R 3 and satisfies the radiation condition. Consequently v = 0 in R 3 (see [1] ), and w = e ikα·x . This is a contradiction because w = u 1 = 0 on S 1 . Thus, Case 1 cannot occur. Case 2. If D 4 is not empty, and D j , j = 1, 2, are strictly convex, then either S 1 intersects S 2 (call it case 2.1), and in this case there must be a point P ∈ S 4 at which the jump ψ of the slope of the tangent line to S 4 is greater than π, or one of the bodies lies inside the other (call it case 2.2). Without loss of generality we may assume in this case that
In case 2.1 the solutions u 1 = u 2 := U in a neighborhood of P must be of order O(r γ ) as r → 0, where r is the distance between x ∈ (D 4 ∩ D 3 ) and P , and γ := ψ π , 1 < γ < 2. This follows from the known results about behavior of solutions to Helmholtz and Laplace equations near a conical point of the boundary on which the Dirichlet boundary condition holds (see, e.g., [3] , Chapter 1, Section 3, problems 3 and 4, and [4] ). Therefore U is unbounded as r → 0. This contradicts the fact that u 1 and u 2 are C 1 −smooth up to the boundaries S 1 and S 2 respectively. The smoothness of the solution to the scattering problems up to the smooth boundary is a known fact (see, e.g., [5] ).
In case 2.2 we may assume that D 2 is strictly inner subset of D 1 because otherwise S 1 and S 2 would have common arc and at the point, where this arc ends, the argument used in Case 2.1 would yield a contradiction. If D 2 is strictly inner subset of D 1 , then S 1 , the boundary of D 1 , is an analytic set, because it is a set of zeros of the solution u 2 of equation (1), which is a real analytic function in D 2 . Since we have assumed that the boundary is not an analytic set, the case 2.2 cannot occur. 
